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AHOTALIA Y cmammi onucano npuHyun npeocmagieHts MoOYIb08aHUX CUSHANI6 Ha O0cHO8I pady Dyp’e 0sox sminnux. Ilokasano
nepeeacu He3aledxtCHo20 Onucy Hecyuoi i mooymowuoi gyuxyiu. HasedeHo Gopmyiu po3spaxyHKy CHeKMpanbHux cKiaoogux i
2apMOHIK Ha 0cHO8I psdy Pyp’e 060x 3minHux. OmMpumano OUCKpemu308aHi Gopmynu 018 PO3PAXYHKY CHEeKmpy HA OCHOGI pady
@yp’e oonieci ma 06ox 3minHux. Ilokazano OoyinbHICMb BUKOPUCMAHHS POPMYT WEUOK020 nepemeopertss Dyp e s 3MeHUIeHHs.
obcsazy MamemamuuHux po3paxyHkis. Ilposedeno adanmayiro memoouku weuoko2o nepemsopents Qyp’e 01s1 pO3PAXYHKY CHEKmMpY
MOOYIbOBAHUX CUSHATI6 HA OCHO8L psady Dyp’c 080X 3MIHHUX, 0N 4020 000AMKO80 30IUCHIOEMbCL NPOYeOypa CYMY8AHH Md
nepespynyeamnHs 2apmMoHiK 3a Homepom. IIpogedeno awnaniz mpyoomicmkocmi po3paxyHKi6 3a NHpPONOHOBAHOIO MEmOOUKONO
PO3PAXYHKY CHeKmpy ma NOKA3aHO 8 CKINbKI pa3ié 60HA 3MEHULYEMbCA Y NOPIGHAHHI 3 0€3N0CePeOHiM PO3PAXYHKOM CHeKmpy 3d
NOYAMKOBUMU hOpMYIaAMU.

Knruoei cnosa: psao @yp’e 060x 3miHHUX, weUOKe nepemgoperts Pyp '€; MOOYIbOBAHUL CUSHAT

A FAST FOURIER TRANSFORM OF MODULATED SIGNALS BASED ON
DOUBLE FOURIER SERIES

1. VERBYTSKYI

Department of Industrial Electronics, National Technical University of Ukraine “Igor Sikorsky Kyiv Polytechnic Institute”, Kyiv,
UKRAINE

ABSTRACT Pulse modulated signals is useful to represent based on double Fourier series. The article describes the principle of
representation of modulated signals based on double Fourier series. The advantages of an independent description of carrier and
modulating functions are shown. The expediency of using the double Fourier series to analyze the spectrum of modulated signals,
where the modulation multiplicity does not have an integer value, or the law of modulation or carrier functions change is
parametric, which may cause the appearance of subharmonic oscillations, is shown. The formulas for calculating the spectral
components and harmonics on the basis of the Fourier series of two variables are given. The discrete formulas for calculating the
spectrum based on Fourier series of one and two variables are obtained. It is shown the expediency of using Fourier transforms to
reduce the amount of mathematical calculations. The adaptation of the Fast Fourier Transform method to the calculation of the
spectrum of modulated signals based on the double Fourier series is carried out, in addition, the procedure of summation and
rearrangement of harmonics by the number is carried out. The number of the function descrete values for given number of spectrum
harmonics based on Kotelnikov theorem are estimated. An analysis of the complexity of calculations according to the proposed
method for calculating the spectrum and shows how many times it decreases in comparison with the direct calculation of the
spectrum by the initial formulas. The recommendations for spectrum calculation proposed based on proposed procedure depend on
descrete values of primary function are given.

Keywords: double Fourier series; fast Fourier transform,; modulated signal

Beryn

CurHamy 3 IMITyJIbCHOIO MOZYJISIII€I0 MOXKYTh
OyTH OmHMCaHi y KOMIIAKTHI (opMi Ha OCHOBI psAIy
®yp’e nBox 3miHHUX [1-3]. OgHa 3MiHA pAMy OmMHCYyE
Hecyuy (yHKIiO 3aKOHY MOnyJsmii, a iHma —
MOIYJII0I0Yy (DYHKI[iF0. 3aBIIKH HE3aJCIKHOMY OIUCY
MOJIYJIIOI0YOT 1 Hecy4oi (YHKIIH, aHaJNITHYHWI 3amuc
MOJTyJIbOBAaHOTO CHTHally Ha OCHOBi psgy Pyp’e nBox
3MIHHMX ONHCY€ Ha0lp MOAYJIBOBaHHX CHUTHAIB 3
KPaTHICTIO MOAYJIALIi P, MO JIC)KHUTh B MEXKaX Bif HYISI
no HeckinyeHHocti, P € [0..0]. Tomy Bkazany ¢opmy
orucy MOJTYJIbOBaHUX CUTHAJIB JIOLIBHO
BUKOPUCTOBYBATH Ul aHAJI3y CIIEKTPY MOIYJILOBaHUX
CUTHANIB, J¢ mapaMmeTp P Mae He mije 3HaYeHHA abo

3aKOH 3MIHM MOAYNIOYoi abo Hecydol (YHKIIH €
napaMeTpU4HUM, II0 MOXE CIPUYMHUTH BUHHWKHEHHS
cyOrapMOHIYHUX KONHUBaHb [4-9].

Koedoirientn psany @yp’e 1Box 3MiHHHX Cpp, SIKi €
CHEKTPAJbHUMH CKIIQJIOBUMH CHTHAJTy 3 KPATHICTIO m
BIJHOCHO 4acTOTH Hecydoi QYHKIIT 1 KparTHIiCTIO n
BITHOCHO YaCTOTH MOIYJIFOIOYO0T (PYHKIII, pO3PaXxOBYIOTh
3a hopmydoro [10,11]:

2nby(y)
1 .
Con=—5 [ [ SCp)e/ ™ Waxay, (1)
27 b(»)

ne flix,y) — GyHKIs, CIEKTpP SKOi pO3PaxOBYETHCH,

© BEPBUIIbKHIA €. B., 2018

102

BICHUK HTY "XIII" Ne 16 (1292)


http://teacode.com/online/udc/66/665.9.html

ISSN 2079-5459 (print)
ISSN 2413-4295 (online)

CEPLA "HOBI PILIEHHA B CYYACHUX TEXHOJIOI'IAX"

bi(y), ba(y) — anamiTHUHI BUpa3H Bix QYHKLII y Y MexXax
IHTETpyBaHHA 32 3MiHHOIO X.
OueBnaHO, M0 MOABIHHUY paf (1) yTBOPEHO IWTYYHO IS
3pYYHOr0 ONHKCY BIUIMBY HeCy4doi 1 MOayo4oi QyHKIiN
Ha curHan oxHiel 3miHHOI. [lpm 1BOMY OcCOOIHUBICTIO
nozasiHoro psay (1) € 3aJexHICTh 30BHIIIHBOTO
iHTErpajy 3a 3MiHHOIO } Bii BHYTPIIIHBOT'O 32 3MIHHOIO X.
3actocyBanHs psany @Dyp’e IBOX 3MIHHHUX Jdae
MOJJIUBICTh PO3paxyBaTh CHEKTPAJIbHY XapaKTEPHCTHKY
MOJIYIIOBAHOTO CHTHAJNY B aHANITHUHIN Popmi. Dopmyma
JUIA  pO3paxyHKy aMmIUNITYyOH TapMOHIKM k& BHXiZHOI
Hanpyru C; Ha ocHOBI psiny Pyp’e JBOX 3MIHHUX € TAaKOIO
[12]:

Ck = Z Cm(kme)' ()
m=0
3rinno 3 Qopmynoro  (2) amme YacTHHA

CHEKTPAIbHUX CKIaA0BUX C, (1) BUKOPHCTOBYETBCS IS
PO3paxyHKy MOAYJIEOBAaHOTO CHUTHAIY.

[Ipu umcensHOMY PO3paxyHKY CHEKTpY IHTerpai
(1) muckpernsyerbcs i 3 HBOTO YTBOPIOEThCS psid. st
3MEHILEHHS1 O00CAry MaTeMaTW4yHUX oOmepauid npu
pO3paxyHKy CHEKTpy y JUCKpeTHiit ¢opmi wyacrto
BUKOPHCTOBYIOTh IIBUJKE IepeTBOpeHHs @Pyp’e s
¢byHKIid omHiel abo agekimpkox 3miHHUX [13,14]. B
JaHOMy  BHNaAKy  Koedimientn  inTerpamy (1)
BUKOPHUCTOBYIOTbCS Ui OOYHCICHHSA pany (2), mpu
BOMY JJISl [BOTO MOTPIOHO MMOpaxyBaTH JIMIIE HE3HAYHY
gacTuHy KoedimieHTiB C,. Y CTATTI TPOTOHYETHCS
MeToAauKa po3paxyHky mapametrpiB C,, 1 Cr 3
MiHIMaQJIHOO KUTBKICTIO MATEMATUIHHX OTICPAIIiid.

Mera crarTi

VY cTaTTi OMMCYIOThCS OCOOIMBOCTI PO3PaxXyHKY
CIIEKTPY MOJyJIbOBaHMX CHTHaJIB Ha OCHOBI pany ®dyp’e
JBOX 3MIHHMX Ta TIIOKa3ylOThCS Ie€peBard OIUCY
MOJIYJIbOBAaHOTO CHTHalTy $K (yHKIii ABOX 3MIHHHX:
nepima 3MiHHa ONHCYe MOJIYNody (YyHKIIIO, Apyra
3MiHHa ONHUCYy€e Hecydy (yHKMIiro. AmnarizyeTbes
MOXJIMBICTh ~ BUKODHUCTAHHS ~ QITOPUTMIB  HIBHUAKOTO
nepeTBopeHHss Dyp’e IS 3MEHIIEHHS TPYAOMICTKOCTI
pO3paxyHKiB Tpu BHUKOpHCTaHHI psagy Dyp’e nBox
3MIHHMX Ta OIIHIOETHCS KIJIBKICTh MaTeMaTHYHUX
orepaliii Mpu BHUKOPUCTaHHI HIBHJKOTO TEPETBOPEHHS
Dyp’e.

OCHOBHi TeopeTHYHi MOJIOKEHHSA

I[Ipun o6GumcnenHi mnoxagiHoro iurerpamy (1)
MOJJIMBI BapiaHTH, KOJIM BHYTPIIIHIN IHTErpaq BHpasy
(1) moxe Oytm po3paxoBaHO aHAMITHIHO. [l 1BOTO
HEOOXITHO:

1) MOXIHMBICTE  pO3AUICHHA  (QYHKIIi  IBOX
3MiHHHX f{x,y) Ha 100yTOK 1BOX (DYHKLI OHI€ET 3MIHHOT

@), fo(v):

S = HD) L0 €)
2) iCHyBaHHS aHAIITHYHOTO iHTErpaiy QyHKIIi:

by(y) )
Fx= | fitxe™dx. (4)
b (y)

VY 1poMy BHIIAIKy CIEKTpalbHI KOMIOHEHTH Cpy
PO3paxoBYIOTECS Yepe3 iHTeTrpall OAHI€T 3MIHHOI:

1 21 )
Com == | /2 (e’ x
" 2nz£ ? ()

(F(m,by ()= Fy (m,by () ) dy.

Tomy g TOPUIIBHIMIEHOTO  PO3PaxyHKY
CHEKTPaJbHOIO CKIaly MOAYJILOBAaHOIO CHUTHAY 3a
(dhopmyoro (2) AOIIIEHO PO3POOUTH METOIMKH IS TBOX
BUIIAJIKIB TPE/ICTABICHHS CIIEKTPAIBHUX KOMIIOHEHT Ciy
y Buai (1) Ta (5). Sxmo auckpeTusyBaTH Li iHTETpaiH i
migcTaBuTH 10 Gopmynu (2), OTpEMaEMO:

X N}’

o0
Ce=2 2
m=0i=1 /=1

Cr = 2 2 frUAy)e EmDIAy 7)
m=0 /=1
(F(m,by(IAy)) — F{ (m, by (IAy)) ) Ay.

f(le’ lAy)ej(mle+(k_mP)lAy)AxAy, (6)

Buyrpimmai cymu B ¢opmynax (6) i (7) €
JIUCKpETHUMHU (opMyJlaMH TiepeTBOpeHHsIMH Dyp’e s
po3paxyHky crektpy. @opmyna (6) — st GyHKIT TBOX
3MiHHUX, (7) — mIs omHiel 3MiHHOI. BimMmiHHICTIO MiX
KJIaCHYHUMHU (OpPMyJIaMH JHUCKPETHOTO TEPETBOPEHHS
®yp’e 1 aHATI30BaHUMH € Te, IO B AaHUX (opmynax y
MTOKA3HUKY CTYIIEHS 3a 3MIHHOIO ) 3aMICTh 3HA4YCHHSA k
BUKOPHUCTOBYEThCS  BHpa3  (k-mP), ToMy  mmicnd
BUKOPHUCTaHHS (POPMYITH MIBUAKOTO TepeTBOpeHHS Dyp’e
HEOOXI/IHO 3MIHUTH 1HJEKCaIlil0 PO3PaXOBaHMX T'aPMOHIK.
Takok  HEOOXiZIHO  BpaxOBYBaTH CyMyBaHHS  3a
napamerpoM m. Jlis TOYHOrO pO3paxyHKy 3HAueHHs
rapMoHik 3a ¢opmynamu (6) i (7) 10 Nmax BKIIOUHO
3HAYEHHS IapaMeTpa m MOBHHHO 3MIHIOBATHCH BiJ HYJIS
110 3HAYCHHS Mnax:

M ax :[21\/%}_1. 8)

Kpok pauckpermsanii Ax 1 Ay po3paxoBYeETbCs
3rigHo 3 Teopemoro KorteiabHHKOBA. MakcHMallbHO
MOXJIUBE 3HAQUEHHS KPOKY BM3HAUA€TbCSA 3 HAUBUIIOL
TFapMOHIKH, 3HAYCHHS $KOI PO3PaXOBYETHCS Nmax. s
pany @Dyp’e oxamiei 3minHOI (7) MaKCUMAaIbHHIA KpPOK
AYmax PO3pax0OBYETHCS 3a (HOPMYIIO0:
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T
AVmax = N— > )

max

s psiy @yp’e aBox 3MiHHUX (6):

T T
AXmax =3 AVmax = N—

max max

(10)

Jnsa 3abe3neueHAs HeoOX1HOT TOYHOCTI KPOKH Ax
1 Ay mouinpHO OpaTH Ha MOPSIOK MEHIITNMH, HiXK KPOKH
AXmax 1 Aymax:

T T
Ay = ——
10M 10N,

max max

Ax = arn

Kpoxu inTerpyBanHs Ax i Ay, po3paxoBaHi 3a
¢opmynoro  (11) € HAOMMKEHHMH 1 3a€XKHO BiX
HEOOXiTHOI TMOXUOKH PO3paxXyHKIB MOXYTh OYTH, 5K
OimpIre Tak i MEHIIe, HiK po3paxoBaHi 3a (OPMYIOI0

(11).

IpuHIUT PO3PAXyHKY CHIEKTPY MOAYJIbHOBAHOIO
CHTHAJYy Ha OCHOBIi IIBHIKOTO NepeTBOpeHHs Dyp’e

[Ipu Ge3nocepeHEOMY BUKOPHCTaHHS aJTOPUTMY
LIBUAKOTO TepeTBOpeHHs @Dyp’e BHKOPUCTOBYIOTHCS

hopmymm:
N. X N,V

Crm =33 [UAX,IAY)/ A Axpy: (12)
i=1/=1

Ny )
Crm = D fo(UAy)e™M™ x

I=1
(£ (m, by (1)) = Fy (m, by (1AY)) ) Ay.

(13)

Jist noganpuioro oO4YKMCIeHHs 3HAYSHHS TApMOHIK
3a popmynamu (6) i (7) MOTPIOHO 3AIMCHUTH CyMyBaHHS
T10 3MIiHHIH m Ta neperpynyBaHHs TapMOHIK 32 HOMEPOM,
ockinpku B Qopmynax (12) i (13) Homep rapMOHIKH
BiJNIOBila€ 3Ha4YeHHIO k, a B Gopmynax (6) 1 (7) — (k —
mP).

Mmax «
Ck = Ckme,m' (14)
m=0
OTxe, pO3paxyHOK CIIEKTPY € JIBOCTAITHHM:

CTMOYaTKy BHKOPUCTOBYIOTHCS (OPMYJIH Sl HIBHIKOTO
nepeTBopeHHss Dyp’e, MOTIM 3MIHCHIOETHCS CYMYyBaHHS
TapMOHIK 3 IeperpynyBaHHsM 3a popmyoro (14).

AHaJi3 TpyaoMicTKoOCTi po3paxyHKiB

IcHyO0Ul MeToiM pO3paxyHKY CIEKTPY HIBUAKOTO
neperBopensss Pyp’e [15] i ¢ynkuii oxHiel 3miHHOT
MaroTh TpynoMmictkicte Om(Nlog(N)), ne N — KUIbKICTb
PO3paxoBaHUX TapMOHIK. [pu PO3paxyHKy
TPYAOMICTKOCTI OepyThcs 1O YyBard JIWIIE OIepamii

MHOKEHHS, OCKIIBKM Yac iX po3paxyHKy 3Ha4HO OinmbIie
HIX OIepariiii 10/1aBaHHs.

Sxmo s GyHkuii nBox 3MmiHHEX flx,y) 3a
3MIHHOIO X HEOoOXiJHO po3paxyBaTtd N; TapMOHIK, a 3a
3MIHHOIO ) — N>, cyMapHa KUIBKICTh CHEKTPaJbHUX
koMnoHeHT C,, cknagae N = N;N,. TpyIdoMICTKICTbh
po3paxyHKy O crnekTpaibHUX KOMHOHEHT C,, (QyHKii
JIBOX 3MiHHHUX f{X,)) Y 3aTaJIbHOMY BHUIIQIKy € TaKOIO )X 5K
i st ¢yskuii oxniel 3miHHOT — Or(Nlog(N)). Ockinbku
CYMyBaHHS TapMOHIK 3 MeperpynyBaHHsIM 3a (GopMyor
(14) me moTpedye MOJATKOBUX OIEpamii MHOXCHHS, TO
TPYIOMICTKICTh QJITOPHTMY 3aJTUIIAETHCS TAKOKO K.

3a yMOBHU pO3paxyHKy CHEKTpy Oe3MOoCepenHbo 3a
dopmynamu  (6) i (7) TpPyHOMICTKICTE pO3paxyHKiB
cknagae O(N?), ne N = Ni*Na*Mpax. OTKe 3MEHIIEHHS
TPYJIOMICTKOCTI PO3PaxyHKIB 32 yYMOBH BHKOPHUCTAHHSI
HIBHIKOTO nepeTBopeHHst Dyp’e cknanae:

O M2 NN,

. 15
log(N|N3) (9

Our

3rigHo 3 ¢dopmynoro (15) mouineHicTs opmynu
3pocTae 31 30UIBIICHHSAM KUIBKOCTI TapMOHIK, IO
PO3paxoBY€ETHCH, Ta 31 301IBILICHHSIM 3HaYCHHS MapaMeTpa
Mnax.

BucHoBkH

B crarti mokazaHo MOMJIMBICTh BHKOPHCTaHHS
GyHKOIT 1BOX 3MIHHHX /ISl OIKMCY MOJYJIbOBaHHX
CUTHANIB, Ji¢ Teplla 3MiHHA OMHCYE MOJYJBbOBaHY, a
Ipyra Hecydy (YHKII0O CHUTHaly, IO JOLLUIBHO
BUKOPHCTOBYBATH ISl aHAN3y CIEKTPY MOJYJIbOBaHUX
CUTHANIB 3 JOBUTFHUM 3HAYCHHSM KPATHOCTI MOJYJISIIiL
ab0 TapaMeTpHYHOTO 3aKOHY 3MIHH MOJYJ0I04Y0i abo
Hecydoi (YHKIIH, IO MOXE CIPUYMHWATH BUHHUKHEHHS
CcyOrapMOHIYHHX KOJINBAHb.

3anpomnoHoBaHO
MIBUAKOTO repeTBopeHHs Dyp’e s po3paxyHKY
CHEKTPY MOJYJbOBAaHMX CHUTHATIB, WO JIOJATKOBO
MICTUTH Omepallii CyMyBaHHsI TAPMOHIK 3 iX MOJaIbIINM
neperpymnyBaHHsaM. [IpoaHasi3oBaHO 3MEHILEHHsT 00cCATY
MaTeMaTHYHUX Omepalniid y NOpiBHSAHHI 3 Oe3rmocepeHiM
BUKOPHCTaHHSIM (OpMyN Asl PO3paxyHKY CIEKTpy i
MOKa3aHo, 10 JOIIBHICTh 3alpONOHOBAHOT METOIAMKU
PO3paxyHKy CIIEKTPY 3pOCTa€ 3i 30LTBIICHHSIM KiTBKOCTI
TapMOHIK, MIO PpO3pPaxOBYeTbCA, Ta 31 30ULIBIICHHAM
3HAYCHHS IapameTpa 7.
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