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CALCULATION OF THE ELECTRIC FIELD DISTRIBUTION IN THE VICINITY OF
THE CONDUCTIVE ROD
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ABSTRACT The article reviews the methods of mathematical modeling of electric fields in the vicinity of conducting rods and
presents a method developed for calculating the distribution of the electric field strength and potential in systems with conducting
rods. This method allows to use a computational spatial grid with a step proportional not to the radius of the rod, but to its length,
which is relevant when the ratio of the rods length to its radius is large. The method is applied to the calculation of rods EF, for
which this ratio is of the order of 10°—10°. The proposed method is based on the finite integration method. At the same time, the non-
linear decrease in the levels of strength and potential when moving away from the rod in directions perpendicular to its axis is taken
into account. The difference coefficients at the nodes surrounding the rod were obtained by integrating over the computational grid
cell surfaces of expressions describing the strength and potential of the electric field for an elongated conducting ellipsoid under
potential. With this representation of the conducting rod, it was possible to achieve the greatest accordance of calculations with the
analytical solution. In practice, the application of the presented method allows for a more accurate calculation of the electric field in
the vicinity of a conducting rod, which is either under potential, or in a homogeneous electric field, using a computational grid with
a step proportional not to the radius of the rod, but to its length. The non-linear character of the decrease in the strength and
potential of the electric field near the rod is taken into account using analytical expressions for a conductive ellipsoid under
potential. In the area surrounding the rod and above its top, when using a spatial grid step proportionate with the length of the rod,
and not with its radius, the relative errors in calculating the strength decreased from 27 % to 3 %. The results of calculating the
electric field of a lightning rod are presented in order to analyze the conditions for the occurrence of upward leaders.

Keywords: electric field potential; electric field strength, conducting rods, finite integration method; lightning rods, mathematical
modeling; upward leaders

PO3PAXYHOK PO3IIOALTY EJIEKTPHYHOI'O IIOJIA B OKOJII
EJIEKTPOITPOBIIHOI'O CTPU/KHSA

C. A. TUTBHHEHKO

kagpedpa meopemuunux ocroe enexmpomexnixu, HTY «XI1l», Xapxie, YKPAIHA

AHOTALIA Y cmammi npogedenutl 021510 Memooie MamemMamuiHo20 MOOeT0GANHS eIeKMPULHUX NOJIE 8 OKOJ eeKMPONPOGIOHUX
CMPUDICHIB | NpeOCMasaeHuti Memoo, o po3podaeHutl 05 PO3PAXYHKY POZNOOILY HANPYIHCEHOCMI | NOMEHYIANY eleKMPUUHO20 NOJs
6 cucmemax 3 eneKmponpogioHuMy cmpudicHamu. Lleti memoo 0036015€ 6UKOPUCMOBYEAMU PO3PAXYHKOSY NPOCHOPOBY CIMKY, WO
Mae Kpok, nponopyitinuii ne paodiycy CMpudiCcHs, a 1020 OO0BX#CUHI, WO € AKMYAIbHUM HPU BEIUKOMY CRIBBIOHOWEHHI OOBICUHU
cmpudicis 00 tio2o padiycy. Memoo 3acmocoéanuti 05t po3paxyHKy CMpudiciie, y SKux maxe cnigsionowenns cseac nopsaoxy 10°—
10%. 3anpononosanuii memoo nobyooeanuii na 6asi memooy ckinuennozo inmezpysanns. Ipu yoomy epaxosaie neninitine cnadanns
pisHi6 HanpysiceHocmi I nomeHyiany npu 6i00ANeHHI 6I0 CMPUIICHA 8 HANPAMKAX, NEPNEeHOUKYIAPHUX 1oeo oci. Piznuyesi
Koe@iyicHmu y 8y3nax, wo omoyyloms CHMpUdiCceHsb, Oyau OMmpuMani WasxXom iHmeepy8ants no NOBEPXHAX KOMIPOK pO3PAXYHKOBOT
CimKy mux 8upasis, Wo ONUCYIOMb HANPYICEHICb | NOMeHYian eneKMmpuyHo20 O Ol BUO0BICEHO20 enincoioa, AKull nepedysac
nio nomenyiaiom. Ilpu maxomy NOOAHHI eNeKMPONPOGIOHO20 CMPUJICHS B0ANOCs 00CAeMU HAUOLIbUI020 302y PO3PAXYHKIE 3
ananimuunum piwienuam. IIpakmuune 3acmocysants npedcmasieno2o mMemooy 00360J€ 30MICHIO6amu Oilbid MOYHUL PO3PAXYHOK
eNeKMPULHO20 NOJSL 8 OKOJL eNeKmponpoGiOH020 CMPUICHS, WO 3HAX0OUMbCS abo nid nomeuyiarom, abo 8 oonopionomy EII, 3
BUKOPUCTAHHAM PO3PAXYHKOBOT CIMKU 3 KPOKOM, CRIBPOSMIDHUM He 3 paldiycom CMpudicHs, a 3 1020 008xcuHol. Bpaxyeanns
HeniHilino20 Xapakmepy CHAOAHHA HANPYJICEHOCMI [ NOMeHYIany eneKmpuyHo20 nojs NoOAU3Y CMPUICHA NPOGOOUMbCA 3d
00NOMO2010 AHANIMUYHUX UPA3I68 0 eleKMPONpogioHo2o enincoioa, wo nepebdysae nio0 nomeHyianrom. Y 30mui, wo omouye
cmpudicend, I HAO 1020 8ePUIUHOIO NPU BUKOPUCMAHHI KPOKY NPOCMOPOBOL CImKU, NOPIGHAHHO20 3 O0BXCUHOI0 CIMPUIICHSA, d He 3 11020
paodiycom, GIOHOCHI NOXUOKU pO3paxyHKy Hanpyscenocmi smenwuaucs 3 27 % 0o 3 %. Hasedeno pesynomamu po3paxyHKy
e/IeKMPULHO20 NOSL CMPUINCHEB020 OIUCKABKONPUIMAYA 3 MEMOIO OOCTIONCEHHS YMOE 6UHUKHEHH S 3YCMPIUHUX Ni0epis.

Knrouosi cnosa: nomenyian enekmpuuno2o NOJsS; HANPYICEHICMb eleKMPUUHO20 NOs; eNeKMpPOnpOGIOHi CMPUDICHI, Memoo
CKIHUEHHO2O0 IHMe2PyB8anHsl; CIMPUICHEB] OIUCKAGKONPUUMAYI, MameMamuyne MOOeIOS8aAHHs,; 3VCMpidni 1idepu

Introduction calculation of the electric field (EF) in the vicinity of

conducting rods, the length of which exceeds their radius

Solving the problems of modeling rod lightning by several orders of magnitude (L/R>10?-10°%). Another

rods, incomplete insulation breakdown channels, channels  area where the solution of such problems is required is
of lightning leaders [1-6] may be performed by emission devices using arrays of carbon nanofibers [7-9].
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Determination of the degree of strengthening of the EF
tension in the area of the top of the rod is an urgent
problem in various areas [10,11].

Analysis of recent research and publications

When calculating the distribution of the electric
field in the vicinity of long and thin rods, we encounter a
problem associated with the choice of the step of the
computational grid. The step should be less than the
radius of the rod, however, with a significant ratio
between the length and the radius of the rod, the resulting
smaller computational grid leads to a significant increase
in the order of the equations system describing the
system, which makes it impossible to solve it using
existing computational tools.

n [12], for three-dimensional modeling of the gas
discharge process in order to study the streamer branching
processes, an approach was chosen, which consists in
utilizing a computational grid divided into several layers.
The step in each layer becomes smaller and smaller as it
approaches the discharge axis. The solution is based on
the finite element method using Newton's iterations to
solve a nonlinear system of equations, which ensures the
simultaneous convergence of the entire system of
equations. Lagrangian-quadratic elements were used for
the Poisson equations and boundary conditions. This
approach allows you to perform calculations with the
required accuracy, but the requirements for RAM and
time costs are a significant obstacle to its use.

In the numerical calculation of the EF using finite-
difference methods in the immediate vicinity of a thin
cylindrical rod having an infinite length [13-17], to
determine the coefficients of the difference equations, the
law of decay of the EF intensity is used, which is
inversely proportional to the distance from its axis. In this
case, the step of the computational grid can significantly
exceed the radius of the rod. In [18], a rod of finite length
is represented by a uniformly charged thread, in [19] by
an eclongated ellipsoid located in a uniform EF. In both
cases, when calculating the area in the vicinity of the rod,
the same law of strength variation was applied. When
comparing the results of the potential distribution
calculation at the distance of the step of the computational
grid from the rod by numerical methods and analytical
calculation of a uniformly charged thread and an
elongated ellipsoid located in a uniform EF [20], a
relative error of about 5 % was obtained. The error in
calculating the strength exceeds 10 %. When using this
approach in solving problems containing a rod under
potential, in the absence of an external EF, the error
becomes even greater: up to 45 % for the strength
calculation of the rod top zone under potential. In order to
solve this problem in the region limited by the step of the
computational grid from the axis of the rod, when
calculating the coefficients of the difference equations at
the nodes on the rod and the step from it, it is proposed to
use analytical expressions for the EF of an elongated
ellipsoid under potential [20].

The aim of the work

The aim of this work is to develop a refined
method for the numerical calculation of the electric field
in the vicinity of conducting rods with a large ratio of
length to radius. The difference coefficients in the nodes
of the computational grid surrounding the rod are
determined in a special way. As a result, the used step of
the computational grid can be proportional to the length
of the rod rather than its radius. This approach increases
the accuracy of calculating the EF strength in systems
containing conducting rods.

Basic research materials

The calculation used a system (Fig. 1) with a
grounded rod with potential Uj.
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Fig. 1 — Calculation scheme

The computational equations used in the finite
volume method [21,22] were obtained by integrating
Maxwell's equations over the volumes ¥ of the unit cells
that make up the computational domain. The nodes of the
computational grid (i, j, k), in which the EF potentials are
determined, are located at the interface between the
media, and therefore on the axis of the conducting rod
(Fig. 2). With such an arrangement of the computational
grid nodes, the conditions at the interfaces between the
media are satisfied automatically.
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Fig. 2 — Cell containing a conductive rod

To obtain the difference coefficients, Maxwell's
equation was used [20]:
rotH =yE+0D/ ot ,
where D=goeE=-gog-grade — electric induction;
£=0.885-10""" F/m; E — electric field strength; ¢ —
electrical potential; y — conductivity; H — magnetic field
strength.
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After applying the divergence operation to the
equation, the resulting expression must be integrated over
the volumes of the unit cells 7 that make up the
computational domain using the Ostrogradsky-Gauss
theorem. In the absence of space charges, the second term
on the right-hand side of the last equation can be
neglected. As a result, an equation will be obtained for
determining the electric potential @:

IyEdVZ{yEndS:{—y@dSZO, (1)
v s s On

where n — normal to the surface S enclosing the
volume V, E, — the projection of the vector strength E
normal to the surface S.

For each node (i, j, k) of the computational grid, an
equation of the form (1) is drawn up. In this case, each
cell of the computational domain is characterized by its
specific conductivity y; ; . Since the length of the rod is
several orders of magnitude larger than its radius, the rod
in the design model is replaced by a set of nodes located
on the axis with indices r (Fig. 2).

The non-linear nature of the decrease in the
strength and potential of the electric field in the direction
perpendicular to the rod axis is taken into account using
the conductivity tensor:

r-k, 00
?i.j.k =0 "f"ktr 0 |, (2
o 0 7k

where k., k,, k. — coetticients equal to 1 for all
nodes except (i, /i, k), (i-1, jir, k), (i, Jr, ki-1).

The presence of conductivity between the nodes i,
Jr k- along the rod axis is taken into account using the
coefficients k, = 10° for these nodes.

The coefficients k. and £ of the nodes surrounding
the rod and lying on its axis, and the coefficient %, of the
node at the top of the rod are determined from analytical
expressions for the potential level and the electric field
strength depending on the voltage applied to the rod. The
rod is represented as an elongated ellipsoid [20]. In this
case, the potential is determined by the expression:

(PzUo'fq;U’ 3)
1 1n«/5_,+L2 N
2n(2L/R)  Jes 2 P -R*’

components of the electric field strength vector:

where f,, =

Ex = _Uo 'fUEx 5 (4)
Ey:_Uo'fUEy-; (5)
Ez = _Uo 'fUEz > (6)

1 VP -R

_Zln(ZL/R).\/g_FLZ .(§+R2). .

where f,; = X5

1 NI -R?

== . d Y
Sur 2In2L/R) Je+ 12 -(£+R) ')
1 VI’ - R
fUEz:_ . 5 5 -dE;(z.Z
2In2L/R) [e+ 12 -(£+R)

_ 72 _p2
dy.=|1-2=L |, g, =128

) _\/pz—q Vpi—q ;

LC+R ~(xX+y +2°
E=—p+\p —q; &9 p= (2 Yz,

g=LCR-I(x*+z°)-R’y*; x, y, z — Cartesian
coordinates (i, j, k)-th computational grid node.

The coefficients k. and k. of the nodes surrounding
the bar and lying on its axis ((i, jr, k), (i1, jr, &), (s Jirs
k~1)), and the coefficient &, of the node at the top of the
bar are determined using in (3) instead of Uy the potential
difference at the nodes on the rod and spaced one step of
the computational grid from it and using this expression
in the formulas for the components of the EF strength (4)—
(6). So, for the component E, of the electric field strength,
we express 0@/ oOx through Uy in the form of the potential

difference at a node on the rod axis ¢(xr, yjr zir) = Up and
at a node spaced from the axis at the distance of the
computational grid step @(xXi--1, Vjr, Z), corresponding to
the derivative step back:

O(p/ax ‘x:x,-,,l ~ A(P/Ax = [(P(xir7yjr’zkr) _(P(xir—l’yjr’zkr)]/Ax =

=Ug - [1=fou (X505 ¥ 052, )1/ Ax
Let us write the expression for Up in terms of
Op/Ox considering that the sign of the derivative is taken

into account automatically when solving the system of
equations:

Ap
U, = A -D_, @)
where
D, - A . (8)
| 1 _fq)U (x,,,lsJ’,,.,Zk,.) |

For derivatives 0O¢/0z and O@/0y [Vi=Vjr max
expressions are similar:
09/ 0z = Ap/ Az =[Q(x,,, ¥ ;,52,) = QXY 5 24, )]/ Az =
= [(p(xirﬂyjr’zkwrl) - (P('xir’yjr’zkr)]/AZ =
=U, .[1_f¢U(xir’yjr’Zkrfl)]/AZ =
:Uo [fwu (xir’yjr’zl<r+l)_1]/AZ )
a(p/ay = A(p/Ay = [(P('xir5yjrmax+l 7Zkr) -
_(p(xir’yjrmax’zkr)] /Ay = UO ' [1 _f(p(] (xir ’yfrmax+l ’Z/\T]/Ay M
We use Up in the last two equations, expressed
through the change in potential in directions along the
axis y (A@/Ay)and z (Ap/ Az ):
Ag

u,=2®.p . v, -=2.p,
Az Ay
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where
D = Az D = &y .
’ | l_f.pv(x,y-’yjﬂzkr—l) ‘ ' |.f;JU(xir’yjr'maxH’Zkr)_1 ‘
The coefficient k. characterizes the non-linear
potential drop between the nodes located on the rod axis
and at a step away from it. To determine it, we write Eq.
(4) for the cell surface S,. at a distance of half a step from

the rod axis (x =x;+12) and substitute Up into it in the
form (7):

Ex(xi)'+l/2’yjr’zkr) =——_ Y- f;JEX(xiHl/Z’yjr’Zkr) .

Then

where k=D, - Fyp (%, 2. Y,52) -

Similar transformations made it possible to obtain
expressions for the coefficients k,,, .-:

k}y = Dy 'FL*E»v(xw’y,‘rmaxmz’Z/q-) P
kzz = Dz 'FUEz(x/r »y/mzml/z) .

The coefficients iy, &, k- (see (2)) are obtained by
integrating k., k,y, k- over the corresponding surfaces S,.,
Stz, Sy (see fig. 2) using any standard subprogram.

Because the computational domain refers to open
areas, then in order to reduce its dimensions when
calculating the EF, uniaxially perfectly matched layers
(UPML) were placed on its boundaries [17].

The unknown potentials of the nodes of the
computational scheme are determined by solving a system
of difference equations composed of equations of the
form (1) for each node, using the iterative method of
alternating directions and the sweep method [16,17]. The
boundary conditions for the scalar potential are shown in
Fig.1.

The estimation of the accuracy of calculating the
EF in systems with rods was carried out by comparing the
analytical and numerical solutions for two cases: the
potential Up is applied to the rod and the rod is in a
uniform external EF with the strength Eo. The analytical
solution is made according to the formulas for the
potentials and strengths of an elongated ellipsoid [20].
The calculations showed up that for the considered rods
with a length-to-radius ratio L/R>10?-103, which are
under strength, as well as for rods located in an external
homogeneous electric field, the maximum values of the
relative errors 8y when calculating the electric field
strengths do not exceed 3 %. When calculating based on
the approach described in [18], &z can reach 45 %, and
when calculating based on the approach described in [19],
27 %. Calculations have shown up that a twofold decrease
in the step of the computational grid, as well as an
increase in its dimensions twofold, do not lead to a
change in the distributions of the EF and the values of the
relative errors.

An example of electric fields distribution
calculation in the vicinity of a rod lightning rod to
analyze the conditions for the appearance of upward
leaders from it.

The development of positive upward leaders from
ground objects occurs when there is an EF strength of the
order of 500 kV/m above these objects, caused by an
approaching downward leader of negative polarity [4].
The calculation of the EF distribution was carried out for
several cases in order to determine the influence on the
occurrence and development of upward leaders of a
stepped downward leader channel of lightning with a
potential of 30 MV—-100 MV approaching the object. The
boundary conditions used in this calculation are shown in
Fig. 1. The case is considered when the space charge is
still absent in the zone where the development of the
negative streamer stage begins [4]. The step of the spatial
grid is chosen equal to 1 m, the absorbing layers located
at the boundaries of the computational domain have the
number of steps N=10, m=3, kmax=300 [18,19].

In the first calculated case, the downward lightning
leader is at potential U, and is located at a height of
several hundred meters above a grounded lightning rod of
length L and radius R. The leader's EF does not affect the
EF of the lightning rod top due to the significant distance
between them. EF strength in the vicinity of the lightning
rod under thunderstorm conditions is Eov=U/H;, where H,;
is the thunderstorm cloud height. The calculation was
carried out for the potential of the downward leader U, =
100 MV, launched from a thundercloud from a height of
H,=2000 m. The strength around the top of the lightning
rod with a height of L=60 m and a diameter of 2R=0.1 m
(see Fig. 1) was E;=50 kV/m, the diameter of the
lightning leader channel is 2R;=0.01 m. The calculation
showed up that the obtained strength above the top of the
lightning rod (no more than 100 kV/m) is not enough to
fulfill the condition for the appearance of an upward
leader. The case was also calculated when the top of the
downward leader approached the top of the lightning rod
at a distance of 20 m. The distance between the axes of
the leader channel and the lightning rod was Dz =5 m.
The strength obtained in this case (300 kV/m) is also
insufficient to fulfill the condition of occurrence an
upward leader. The calculation under the condition of the
location of the downward leader streamer top at a height
of 10 m from the top of the lightning rod top showed up
the level of the obtained tension exceeding 500 kV/m,
thus only in this case the occurrence of an upward leader
from the lightning rod is possible.

Conclusions

The proposed method for calculating the EF of
conducting rods, in which the non-linear decrease nature
of the strength and potential near the rod is taken into
account using analytical expressions describing the EF of
an elongated conducting ellipsoid under potential, made it
possible to reduce the relative error in calculating the EF
strength to 3 % or less for rods with L/R> 10>-10°. In this
case, the space step is chosen proportional to the length of
the rod, and not to its radius.
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AHHOTALIUA B cmamve npousseden 0030p Menoo08 MamemMamuiecko2o MoOeIupo8anuss 2NeKmpuieckux noueti 8 OKpecmHocmu
NPoBOOAWUX CIEPIICHEll U NPpedCmasien Memoo, paspadbomantblil 015 paciema pacnpeoeneHus HaAnpsjICeHHOCMY U NOMeHYyuand
9NIEKMPUYECKO20 NONA 6 CUCMEMAX C NPOBOOSWUMU CMEPICHAMU. DMOom Memoo No360Jsem UCHONb306amMb  PACUENHYIO
NPOCMPAHCMBEHHYIO CEMKY, UMEIOWYIO Waz, NPONOPYUOHANbHYIIL He PAOUYCY CIMEPICHS, a e20 ONUHe, YMO ABNACMCs aKMyaIbHbIM
npu 6OILUIOM COOMHOWEHUU ONUHBL CIEPICHA K e20 paduycy. Memoo npumenen onsa pacuema DI cmeporcuell, y Komopeix maxoe
coomnowenue nopsoxka 10°—103. Ipeonoxcennviii memod nocmpoen Ha 6ase memooa Koweuno2o unmezpupoeanus. Ipu smom
yumeHo HeluHeliHoe cnaoamue yYpoGHell HANPAJICeHHOCMU U NOMeHYuana npu YOaieHuu Om CMepIiCHA 6 HANPAGIeHUAX,
nepnenoukynapHuix e2o ocu. Pasnocmusie Kod@uyuenmvl 6 Y31aX, OKPYICAIOWUX CMepiiceHb, Obliu  NONIYYeHbl nymem
UHMeSpUpOoBanUs NO NOBEPXHOCMAM AYEUKU pACYeMHOU CemKU BbIPAdCeHUull, ONUCLIBAIOWUX HANPAICEHHOCMb U NOMeHYUa
INeKMPU1EcKo20 O sl BbIMAHYNO20 HPOBOOAUIE20 INIUNCOUOA, HAXOO0AUe20Csk o0 homenyuanrom. Ilpu maxom npedcmasneHuu
npogooAe20 CmepdICcHs y0aioch O0OCMUYL HAUOOIbULE20 COBNAOEHUS PACHemos ¢ aHAIumuyeckum peuteHuem. lIpakmuueckoe
npuMeHerue npeocmasieHHo20 Memooa no36oiaem npousgooums Oojee MOUHbIL pacuem 31eKMpUieckozo nofis 6 OKpecmHoCmu
npo6oosAe20 CMePICHs, Hax00Aue20cs b0 nod NOMEHYUanom, oo & oonopoorom 11, ¢ ucnoib3oeanuem paciemnoli cemxu ¢
Wazom, NpoONOPYUOHATIbHLIM He PAOUYCY CMEPIHCHA, 4 e20 ONuHe. Yuem HeIuHelHo20 Xapakmepd Cnadauus HaAnpA*CeHHOCMU U
nomeHyuana 2NeKMPULEcKo20 Nojisa 601U3U CIMEPICHS NPOU3BOOUMCS C NOMOUbIO AHATUIMUYECKUX 8bIpadceHull OJid NPoBoO0Ae20
INNUNCOUOA, HAXOOAWE20C NOO NOMeHYuanom. B 3one, oxpyscaioweti cmepoicens, U HAO €20 8ePUUHOL NPU UCNONL308AHUU UA2a
npoCcMpancmeenol cemxu, CoUSMepuUMo20 ¢ ONUHOU CMEPIICHs, d He ¢ e20 pAOUyCOM, OMHOCUMENbHble NOSPeUHOCMU paciema
nanpsaxicennocmu  ymenvwunucs ¢ 27 % 0o 3 %. Ilpusedenvi pesyibmamvl pacuema 2AeKMpUHecKo2o MNOIs CMEpIHCHeB020
MONHUENPUEMHUKA C YeNblo UCCIe008AHUS YCL06ULl BOZHUKHOGEHUS BCMPEUHBIX TUOEPOS.

Knroueevie cnosa: nomenyuan snekmpuiecko20 NOJs;, HANPAICEHHOCHb INeKMPUUECKO20 NOs; NPOBOOAUUe CMEPIHCHU, Menoo
KOHEYHO020 UHMESPUPOBAHUSA, CINEPIUCHESbLE MOTIHUENPUEMHUKY, MAMEMAMUYecKoe MOOeIuposanue; 6Cmpeinsie uoepbl
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