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ABSTRACT The paper is devoted to the mathematical model development of non-stationary flow of requests from clients to the
database in order to modulate the quality of service. The mathematical model of the queries number fluctuations to the database has
the form of a regression equation and allows more accurate modeling of the connections pool size in the servlet. Connection pool is a
pattern that helps to reduce responding time for queries to databases. To another hand the extra used memory wasting server resources.
The task of calculating the optimal connection pool size could be solved by verity of mathematical apparatuses that demand information
about intensity of stationary incoming queries flow. It is known, that real incoming queries flow is non-stationary. In the paper was
suggested mathematical model of flow intensity fluctuations with daily and hourly harmonic vibrations. Statistics analyses of model
adequacy was made, homogeneity of variances is checked, the significance of the coefficients of the regression equation was estimated.
The obtained mathematical model describes fluctuations in the intensity of clients' requests to the servlet during the week. The
mathematical model can be used to predict the load on the server or to build a simulation model of the query service system. The
adequacy of the model is checked, the homogeneity of variances is checked, the significance of the coefficients of the regression
equation is estimated, the adequacy of the regression equation is checked, the analysis of the autocorrelation of the residues is carried
out. The results obtained in the article give further development for modeling process technologies in the field of information systems
and can be used to calculate the load on the server with a non-stationary flow of requests from clients to the database.
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AHOTALIA Po6oma npucsesuena noby0osi mamemamuunoi Mooeni HecmayionapHo2o NOMoKYy 3anumis KiieHmie 00 6azu oanux iz
Memo no0anbU020 MOOeT08aHH NOKA3HUKIE AKOCMI 00cy208y8anna. Mamemamuuna mooenb KOTUBAHHA KINbKOCMI 3anumis 0o
basu danux mae euensid pieHaAHHS pespecii ma 0036045€¢ OLlbUl MOYHO NPOBOOUMU MOOETIOGANHS POIMIPY NYILY 3 €OHAHL Y CEPEIem.
Ilyn 3'eonanv - ye cxema, saxa Oonomazae CKOpOMUmMU 4ac 6ionosidi Ha sanumu 0o 6a3 Oanux. 3 iHWo020 OOKY, 000aAMKO60
BUKOPUCTOBYIOMbCSL CEPBEPHI PeCyPCH, W0 SUMpaiaions nam'sme. 3a60anis 0OHUCIEHHS ONMUMATLHO20 PO3MIPY NYIY NIOKIIOYEeHb
Mo2n0 6ymu gupiuene 00CMOGIPHO 3a 0ONOMO20I0 MAMEMAMUYHUX anapamis, ki eumazarome iHgopmayii npo inmencueHicmo
NOMOKY CMAayioOHAPHUX 6XiOHux 3anumis. Bidomo, wjo nomix peanrvHux 6xiOMux 3anumie € HecmayioHapuum. Y cmammi
3anponoHOBaAHa MamemMamuina MoOeb KOIUBAHb IHMEHCUBHOCHT NOMOKY 3 00008UMU Ma NO20OUHHUMU 2APMOHIYHUMU KOTUBAHHAMU.
Ilposedeno cmamucmuunull aHaniz adek8amHocmi Mooeii, nepesipeHo 0OHOPIOHICMb OUCNEPCill, OYIHeHO 3HAYeHHs KoeqhiyieHmis
pisuanns peepecii. Ompumana Mamemamuina Mooeib ONUCYE KOTUBAHHSA THMEHCUBHOCII 3anumie KIi€Hmis 0o cepeneny npomsaeom
muodichs. Mamemamuuny mooenb MOJNCHA SUKOPUCOBYSAMU Olisl NPOSHO3Y6AHHS HABAHMAdICEHHs HA cepsep abo 05 no6y0osu
iMimayitinoi modeni cucmemu obcuyeosyeants 3anumis. llepesipeno adexeamuicmos Mooeni, nepesipeHo 00HOPIOHICMb OUCNEPCill,
oyineno 3Hauywjicmv Koegiyicumie pieHsiHHA pezpecii, nepegipeHo a0eKeamHiCmb PIGHAHHS peecpecii, NposedeHo amaniz
asmoxopenayii 3anuwxie. Ompumani y cmammi pe3yismamu 0aroms nOOAILUIUL PO36UMOK MEXHONO2IAM MOOETI08AHHA NPoYecis y
ingopmayitinux cucmemax ma Modicyms Oymu GUKOpUCMAaHi npu o6UUCIeHH] HABAHMADJICEHH HA cepeep NpU HecMayioHapHoMy
NOMOKY 3anumie 8i0 KIieHmis 00 6a3u OaHux.

Knrouoei cnosa: mooentoganns nyny niokuoueHs, KOIUBAHHS IHINEHCUBHOCTNI 3aNUMIG; PIGHAHHS pespecii; CramucmuyHull aHanis

Introduction

Connection pool in servlet is a cache of database
connections maintained in memory so that the connections
can be reused when future requests to the database are
required. Separate database connection is fairly expensive
operation; here are the sequences of steps involved into a
typical database connection life cycle:

1. Opening a connection to the database using the
database driver.

2. Opening a TCP socket for data manipulating
(reading/writing).

3. Data manipulating (reading/writing) over the socket.

4. Closing the connection.
5. Closing the socket.

Instead of performing this list of operations every
time when client sends a request, it is better to implement
a database connection pool, which allows to reuse a
number of existing connections, the cost of performing a
huge number of expensive database trips can be effectively
saved, boosting the overall performance of implemented
database-driven application.

Connection pools can be tuned to maximize
performance, while keeping resource utilization below the
point where application will start to fail rather than just run
slower. It is very good concept for those web application
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where number of users operate at the same time, where
many connections are required at the same time, this
process of creating new connection every time makes
server too be busy so that performance decreases, although
connection pooling method manages all the connection
required by users [1].

The aim of the study

Construction of a mathematical model of non-
stationary flow of user requests to the database based on
the obtained statistical information about the intensity of
queries and time of their execution.

Statement of the main material

Literature review. Database connection as a key
resource to interact with the database is particularly
important in the applications especially, in web application
of multi-user. Database connection pool technology is
proposed to solve the problem of frequently creating and
releasing database connection that reduces the system
performance in software system. An important problem in
database connection pool technology is how to configure
the parameters of the connection pool in order to make the
software system at the optimal performance [2].

The purpose of connection pools is to enhance the
performance of executing queries on database, but
connection pool requires extra memory size for every extra
connection kept long time in memory. In this way arises
the task to find out the optimal number of opened
connections in connection pool. This task can be solved,
for example, using queuing theory [3] under the
assumption that the intensity of the incoming and outgoing
query flows [4] are known. The intensity of queries can be
estimated using statistics from server but their intensities
very in day time and in days of the week [5-6]. So, the task
of the paper is to develop the mathematical model of query
flows intensity depending on a time.

In [7] is given a quantitative data about the
improvement of the performance of the database access
based on the connection pool through performance contrast
tests under three different kinds of database access modes.

n [8] was proposed the optimal allocation method of

database connection pool based on the log file records. In
[9] was given the configuration method in detail for
database connection pool parameter configuration based
on XML under J2EE frame study. In [10 -14] was made a
study and have obtained some significant results from
database connection pool technology.

The performance analysis methods of database
connection pool technology can be divided into three
categories: Experimental data analysis [15], simulation
study method [16] and mathematical model analysis
methods [17]. In this study [18], the mathematical model
analysis method is used for the database connection pool
technology to establish a discrete-time multi-server
queuing model. The analysis of classical discrete-time
queuing model is shown in [19].

Connection pools include a set of properties that are
used to control the size of the pool [20]. The properties

allow the number of connections in the pool to increase and
decrease as demand increases and decreases. This dynamic
behavior helps conserve system resources that are
otherwise lost [21] on maintaining unnecessary
connections [22].

Model developing. The actual incoming request
flows from the client to the servlet are non-stationary. A
direct analysis of the observations of the calls reveals the
presence of weekly and daily fluctuations in the intensity
of calls. Let’s divide the entire observation interval into a
set of subintervals of length A (for example, 4 = 1 Bour).
Let’s calculate the number of calls received within each
sub-interval. Let’s process the aggregate random requests
number which arrive at the same time-point of day and on
the same day of the week (for example, all time intervals
from 10:00 till 11:00 every Monday). Let’s calculate the
average value and variance of the number of servlet calls
that arrive during each of the sub-intervals. In this case, we
obtain the totality of the average values m,, m,,..., m, of
the number of requests and their variances o7, 62,...,02,
n=24-7=168.

Let’s input b, - the average number of requests to
the server during the day, b, - the amplitude of the daily
fluctuations of the number of requests, b, - the amplitude
of the weekly fluctuations of the number of requests. Then,
the model which describes the dependence of the average
intensity of incoming requests on time is represented by
relation (1).

At) =

—(b-+b 'Z”Q(1+b 2m )
= (Do + by sino7 25m168

21
t + byby sin—t

21
—b0+b1$ln24 168

t byby sinEtsint ¢ = M
1 251n24 Sm168 =
2 2
—a0+azsmﬁt+azsml68
4 ) 27Tt 27‘[t
a351n24 Sln168

Model (1) parameters a,, a;, a, are calculated
using data from real observations by least squares method.
Let’s input the functional

J= i[mk
n k=1
- [m" @
T

- At]?

1

k=
(ao + a, sin

24tk+a25m168
4 27rt 2T )2
a3sm24 ksm168

The adequacy of the model is checked according to
the Fisher criterion [23], taking into account the analysis of
residues autocorrelation [23].
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Model parameters calculating. Let’s rewrite the

functional (2) in matrix form.
vectors A, M:

Then
J=(HA-M)"'(HA—-M). 3)

Minimizing (3) over the vector 4, the desired vector

Let’s input the matrix H and

1 Sm—tl Sm tl Sm tl Sln 168 tl of regression equation estimates is obtained
21
g=11 sm—4t2 sm t2 sm tz sin— b2 |, A= (HTH)H™M. (4)
"
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As a result of calculations according to formula (5),
taking into account real values of my, k = 1,2,...,n, we X11 X12 X1m
obtain X = X21  X22 X2m
3.16 - 10°
1.28 - 10° X61 Xe2 Xem
“1046-10° Here we have:
0.21-105 X;- random value of the observed variable at the k

Let us make a statistical analysis of the observations
processing results. This procedure contains several steps.

The discussion of the results

Dispersions homogeneity checking. As at each point
in the factor space of the variable t,, k =1,2,...,m
possible values a series of observations was carried out
containing 6 repeated experiments, the experiments results
have the form:

-th point of the experiment, obtained at the i -th week, i =
1,2,..,6,k=1.2,...,m
For each column of the matrix X, lets average the
results of repeated experiments for the observed variable
and calculate the variances of these results
1

—1lye6 2 __1 ve6
My = 2 Xiza Xiks O = 77 Li=1 (Xi

k=12,...,m,q =6.
The dispersions homogeneity is checked by the
Fisher criterion. For this let’s find out

— My)?,
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o'r%mx = méax{a,f}, Jrznin = mkln{o,f}

and calculate

2
E _ Omax
P g2,

Omin

The obtained value of the F, criterion let’s compare
with the critical in the Fisher distribution table for a given
significance level @ = 0.05 and the number of degrees of
freedom v, and v, of the numerator and denominator,
which is equal to the number of repeated experiments
minus the number of estimated parameters (in this case we
havev, =v, =q—1).

Moreover, if F, < Fy,, then the hypothesis of
homogeneity is accepted, otherwise it should be rejected
and steps for homogeneity improvement should be done
(for example, to make additional experiments at a point
with maximum dispersion) [24].

In the considering problem eliminating of the
dispersions heterogeneity by providing additional
experiments is impossible. Moreover, to evaluate the
parameters of the regression equations in the case of
dispersion heterogeneity, the usege of least square method
in the form (4) is incorrect. In order to take into account,
the differences in the experimental variances, lets input the
dispersion matrix

o} 0
2
o
D= :
2
0 On

Using it the functional on least squares (3)
transforms to

J = (HA—-M)TD"1(HA — M).

This functional minimization on model parameters
vector 4 leads to equation

A= HTD'H)"*HTD M. (6)

If the homogeneity hypothesis is accepted, then the
variance of the experiments is averaged by the formula
n

1
s = EZ o} (7)

k=1
and thus, a dispersion of reproducibility of the experiment
is obtained. Moreover, here fy = n(q — 1) - is the number
of degrees of freedom.

So, if during the calculation of the variance
reproducibility of the experiment, the homogeneity of the
variances at different points of the factor space was
established, then using the relations (4), the coefficients of
the regression equation (1) are calculated. If the
heterogeneity of dispersions is revealed, then for
evaluating the components of the vector A is necessary to
use formula (6).

5 25 . _
In current task we have 02,, 0/, Wherein E, =
1,516. According to the table of critical points of Student

distribution for the significance level @ = 0,05 and the
number of degrees of freedom g — 1 = 5, we obtain F, =
2,57. So, as F, < F,, the experiment is homogeneous.
After averaging the variances, we obtain the
reproducibility dispersion s3 = 3.74 - 10°.

After calculating the coefficients of the regression
equation, lets proceed directly to the statistical analysis of
the results, which is carried out in two stages:

1. Assessment of the coefficients significance of the
regression equation.

2. Assessment of the model adequacy.

Let's run into their consideration.

Assessment of the coefficients significance of the
regression equation. Firstly, lets calculate the accuracy
variance of the regression coefficient estimates. For this
let’s calculate the covariance matrix of calculating errors
of the regression equation parameters by the formula:

Y =s2(HTH) ! = s?

og, cov(ag, a;) cov(ag, ay)
cov(ay, ag) og, cov(a,, ay,)
cov(ay, ag)  cov(ay,, a;) ol
In current task
M1 0
(HTH)—l — r’22
133
0 Nag
So
2
SoM11 0
2
S
Wy = 0722 ,
So733
2
0 SoM44
Lets

a;- is the real value of the i -th coefficient of the
regression equation,
a;- assessment of this value according to the
experiment results.
Then the random variable

lai—ail

Ty == ()

is distributed according to Student’s law with ¥ (q; —
1) degrees of freedom. Let’s create the confidence interval
for a;. Let &g, - will be a half of this interval. Lets take &,
so that P(Idi —a; < sai) =y, where y is the confidence
probability. Let’s consider the left part of this equation to a
random variable T;:

or
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Using tables of T-distribution, let’s find t,;so, that

P(T; < tg,) =7.
Then
o
g,
Wherein &4, = 0g,tq, and |@; — a;| < gg,tg, or

a;"

di - O'aital. < a; < di + O'aitai. (9)

Thus, a confidence interval is found [&i -
Og,tap @i + aaitai], which cover the real value of
coefficient a; with probability not less then y.

Further, it is believed that a; coefficient is
significant with reliability y if the corresponding
confidence interval does not cover zero. Otherwise, this
coefficient should be considered as insignificant and equal
it to zero. The corresponding factor should be excluded
from the regression equation.

In current task we have

(HTH)™ =
6,9-1073 0
2,1-1073
1,4-1073
0 0,72 -1073
Then
Y=
2,59 - 103 0
7,88 - 10?
5,25 - 102
0 2,62 - 10?

So, as critical value t, = 1.98 (with confidence
probability y = 0.95), then

€qy = Oq, * tqa = 100.8,
Eq, = 0g, " tq = 55.59,
Eq, = Og, " tq = 45.37,
Eq. = 0y, " t, = 32.05.

3 3

Moreover, in all cases, the confidence interval does
not cover zero and, therefore, all the coefficients of the
regression equation (1) are significant.

Checking the adequacy of the regression equation.
To check the adequacy of the regression equation obtained
after discarding insignificant factors, it is necessary, in
addition to reproducibility variance, to calculate the
adequacy variance which characterizes the degree of
deviation of the regression line from the value of the
response function at the points of the factor space

corresponding to the performed experiments. The
adequacy variance is calculated by the formula
2 _ Y yvn (5
Saa =— j=1 (y -
n—+¢ J ( 10)

1
n—+4

=10 ) =Sy — A(6)?
ElZO alx]l) - ijl(mk A(tk)) .

For the s2, calculation, lets use the response
function values averaged over the results of repeated
experiments Vi, J=1..,n Therefore, the variance of
the adequacy does not depend on the variance of the
measurement errors. In relation (10) € - is the number of
terms in the regression equation remaining after the
significance assessment. Thus, the adequacy variance
characterizes the residual sum of squares of the results
deflection of real experiments from the created regression
equation per one free experiment (i.e., one degree of
freedom). Now, the adequacy of the obtained regression
equation is checked according to the Fisher test, comparing
the equation

2
Sax
Fp=—
P sg
with critical value
Fp < F,}p. (11)

For the number of degrees of freedom f,;, =n — ¢
u fo = X7-1(q; — 1) set value of significance a.

If inequality (11) holds, then the regression
equation is considered as adequate; otherwise, it is not.

Adopting the hypothesis of adequacy is equivalent
to accepting the hypothesis of equality of variances of
adequacy and reproducibility. The adequacy of the
regression equation shows that the scattering of
experimental data relative to the regression equation is of
the same order as the scattering associated with
experimental accuracy. Moreover, the deviation of the
experimental points relative to the constructed regression
equation is explained precisely by these errors, and not by
the erroneous hypothesis about the structure of the model.
In the considered problem a direct calculation of the
variance of adequacy by formula (10) gave the following
result crazA = 4,17 - 10°. In this case, the calculated value of
the Fisher test

r 4.17 - 105 1083
P 375.105

So, as a critical value of Fisher’s criterion for a =
0,05 equals to FKp = 2,38, and F;, < E,,, consequently
current model is adequate.

The residuals autocorrelation analyses. The
residuals autocorrelation in the trend deflections could be
detected using the Darbin-Watson statistic, which can be
calculated by the formula

Yo 1(€jr1—81)?
d =2
z:;‘1:1 E1'2

P>

(12)

Where ¢; - deflection from trend in j -th
observation.
The wvalues distribution of the Darbin-Watson
statistic is given in the table.
Let’s compare the calculated value of the criterion
d with the tabular d,, d,. The following cases are possible:
— if d < d;, the hypothesis of the autocorrelation
absence is rejected (positive correlation is present);
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- if d,<d<4-d,, the hypothesis of the
autocorrelation absence is accepted;

- if dy<d<d, or 4—d, <d<4—d,, then
further researches are necessary (for example, on a
larger number of observations);

— ifd > 4 — d,, then the hypothesis of the correlation

absence is rejected (negative correlation is present).

Relation (12) directly follows from the relation used
to detect the random process autocorrelation presence & (t).
This equation has the form

r(t) =
M) —m(®)?] + M[(E(t + 1) —m(t + 1))?]

M[(E(t) —m(t))?]

_ ME(t+1)-m(t+1))- () -m()]?
= MIED-m()?] - @)
Let’s rewrite (13) as a follow
(14)

_2M[(E®) —m®)(EE+ D —mt+ D)]

M[(E(®) — m(t))?]
_D(t+1)+D(t) — 2K (¢, ¢ + 1)

D(t)

Here D(t), D(t + 1) - process variation at time
points t and t+1; K(t,t +1) - covariation between
random values of process at time points t and t + 1.

If the process is stationary, then D(t) = D(t + 1)
and (14) can be approximately changed as follows:

r(t) =2 - 2k(t,t+ 1),

where k(t,t + 1) - correlation coefficient between
random process values at time points ¢ and ¢t + 1.

Concerning to this fact, it is clear that if the
correlation between these random values is absent (or
small), then the value of r(t) is approximately equals to 2.

If the correlation coefficient increases, the value of
r(t) decreases, approaching to zero (for a positive
correlation), or four (for a negative correlation).

It is clear that (12) is a special case of (13) when the
process is observed at discrete time instants j = 1,2,...,n
and obtained residues autocorrelation after trend exclusion
is analyzed.

In considered problem d; = 1,41, d, = 1,72, and
the value of the Darbin-Watson statistic d = 1,87.
Therefore, it should be considered that there is no
autocorrelation of residues, confirming the conclusion
about the adequacy of the model.

Conclusions

The obtained mathematical model describes
fluctuations in the intensity of clients' requests to the
servlet during the week. The mathematical model can be
used to predict the load on the server or to build a
simulation model of the query service system. The
adequacy of the model is checked, the homogeneity of
variances is checked, the significance of the coefficients of
the regression equation is estimated, the adequacy of the
regression equation is checked, the analysis of the
autocorrelation of the residues is carried out.
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AHHOTAIIUA Paboma nocesiwjeHa noCmpoeHuio Mamemamuieckol Mooenu HeCmayuoHapHo20 NOMOKA 3anpoco8 KIUeHNO8 K
baze OaHHbIX € Yeabio OanbHeliue2o MOOeIUPosanUs noKasamenell Kavecmea oocayxcusanus. Mamemamuyeckas mooens Konebanus
KOAUuYecmea 3anpocos Kk Oaze OAHHLIX UMeem U0 YPASHEHUs pespeccuul u no3eonsem 0oaee MOYHO NPOGOOUMb MOOENUPOBAHUE
pasmepa nyia coeourenuii 8 cepeiem. IIyn coeOunenuil - IMo cxema, KOMopds NOMo2aem COKpamums epems omeema Ha 3anpocsl K
basam oannvix. C Opy20ti cmopombvl, OONOTHUMENLHO UCNONBL3VIOMCA CepeepHble PecypChbl, Mpamsam namame. 3a0aua eblYUCTIeHUs
ONMUMANLHO20 pasmepa Nyid NOOKNIOUEHUs MO2Id Oblmb peuleHd OO0CHOBEPHO ¢ NOMOWbI0 MAMeMAmuieckux annapamos,
Komopvle mpebyrom ungopmayuu 00 UHMEHCUBHOCMU NOMOKA CMAYUOHAPHBIX 6XOO0AWUX 3anpocos. H36ecmuo, 4mo nomox
PEANbHbIX 8X00SUUX 3ANPOCO8 ABNACMCA HECMAYUOHAPHLIM. B cmamve npeonodceHa Mamemamuyeckas mooelb KoaeOaHull
UHMEHCUBHOCU NOMOKA € CYMOYHbIMU U NOYACOSLIMU 2APMOHUYHbIMU Konebanuamu. IIpoeéeden cmamucmuueckuil anaius
a0eKsamHOCmu  MOOeNU, NpogepeHa O0OHOPOOHOCMb OUCNEPCUll, OYEHEHbl 3HAYEHUs KOIDOUUYUEHMO8 YPAGHEHUsT pespecCull.
[Tonyyennas mamemamuyecKkas Mooenb ONUCbIBAem KOAeOAHUs, UHMEHCUBHOCIU 3aNpoCco8 KIUEHMOS K cepenenty 6 meyeHue Heoeil.
Mamemamuueckylo MoOenb MONCHO UCHOTL306AMb Ol  NPOSHOUPOBAHUA HASPY3KU HA cepéep UmU Ol  NOCMPOEeHUs.
UMMUMAYUOHHOU MoOenu cucmemvl obcayxcusanus 3anpocos. llposepena adexsamuocms mooenu, npogepena 0OHOPOOHOCMb
oucnepcutl, OYeHeHa 3HAYUMOCMb KOIPOUYUEHMO8 YDABHEHUs pespeccull, NpOo8epeHd A0eK8AMHOCMb VDAGHEHUs pespeccull,
npogeder ananu3 asmoxoppenayuu ocmamkos. Ilonyuennvie 6 cmamve pe3yibmamsl 0arm OdlbHeluee pa3gumue MmexHoNI0SUIM
MOOEIUPOBANUS NPOYECCO8 6 UHPOPMAYUOHHBIX CUCIEMAX U MOV OblMb UCNONb308AHBL NPU GbIYUCTIEHUU HASPY3KU HA cepeep npu
HeCmayuoHapHoM NOMOKe 3anpoco8 Om KiueHmos K 6ase OaHHbIX.

Knwouesvie cnosa: mooenuposanue nyna nookniovenull; KoaeOamus UHMEHCUBHOCMU 3ANPOCO8; YPABHEHUA pecpecCul,
CMAmMucmuyecKuil anaiu3s
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